In clinical and epidemiological studies, recurrent events can arise when a subject repeatedly experiences the event of interest. Often, a terminal event such as death may preclude further occurrence of recurrent events in an informative manner such that the terminal event is strongly correlated with the recurrent event process. In this article, we propose a semiparametric joint analysis of correlated recurrent and terminal events. Specifically, we consider an accelerated intensity model for the recurrent events and an accelerated failure time model for the terminal event.
Introduction
In many clinical and epidemiological studies, recurrent event data are frequently encountered when a subject repeatedly experiences the event of interest. The recurrent event times for the subject are thus ordered and correlated. Statistical analysis of recurrent event data has been broadly explored in theory and extensively used in practice (Andersen and Gill (1982) , Pepe and Cai (1993) , Lin et al. (2000) , Cai and Schaubel (2004) , Liu, Lu and Zhang (2014) ). Cook and Lawless (2007) provides a comprehensive review of the analysis of recurrent events.
When analyzing recurrent event data, an independent censoring condition is typically assumed in the construction of statistical methods. However, in many applications, especially in medical research, the timing of the terminating event such as death is likely to correlate with the recurrent event process, so that the assumption of independent censoring between two event processes can be violated. For this situation, one has to consider not only the dependence among recurrent events, but also the association between recurrent and terminal events; ignorance of either could lead to biased estimates. A particularly important approach to this problem is to consider shared random-effects or frailty models (Wang, Qin and Chiang (2001) , Huang and Wang (2004) , Liu, Wolfe and Huang (2004) , Ye, Kalbfleisch and Schaubel (2007) , Liu and Huang (2007) , Zeng and Lin (2009) , Kalbfleisch et al. (2013) ), in which a latent variable is incorporated to characterize the association between the recurrent event process and the failure time by allowing a common frailty variable to appear in the intensity of the recurrent event process and the hazard of the failure time. Similar techniques have been also extensively explored to accommodate an analysis of longitudinal data with informative right censoring (Wulfsohn and Tsiatis (1997) , Tsiatis and Davidian (2004) , Liu and Ying (2007) , among others).
Many frailty-based models have assumed Cox-type multiplicative intensity/ hazard functions for modeling both recurrent and terminal event processes. Wang, Qin and Chiang (2001) and Huang and Wang (2004) proposed an estimating equation approach for the shared frailty proportional intensity model that is flexible, in that no assumption for the frailty distribution is required. These methods, however, are statistically inefficient compared to a likelihood-based approach and do not allow for assessment of the degree of association, as well as a multivariate frailty structure. Ye, Kalbfleisch and Schaubel (2007) considered a gamma frailty for the same model and used estimating functions for marginal models along with a closed-form variance estimation, conditioning only on the covariates and the frailty. This approach was further extended by Kalbfleisch et al. (2013) to avoid the strong Poisson-type likelihood assumptions. Based on earlier work by Huang and Wolfe (2002) for informative censoring in clustered data, Liu, Wolfe and Huang (2004) proposed frailty proportional hazards models for the recurrent and terminal event processes, and carried out maximum likelihood estimation and inference via a Monte Carlo expectation-maximization (EM) algorithm. Alternatively, Zeng and Lin (2009) assumed a class of semiparametric transformation models for the intensity functions of both recurrent and terminal event processes. Their formulation allows flexible dependence structures on two event processes, including negative correlations between recurrent event times. Zeng and Lin developed an efficient EM algorithm to calculate the nonparametric maximum likelihood estimators (NPMLEs) and established asymptotic theories for the proposed estimators. Their algorithm was further extended by Zhu et al. (2011) for the situations with multiple types of recurrent events.
As an alternative to the Cox-type regression models, several authors have used semiparametric accelerated failure time (AFT) models for the counting process (Kalbfleisch and Prentice (2002, Chap. 7) , Ying (1993) , Lin, Wei and Ying (1998) , Jin et al. (2003) , Zeng and Lin (2007) ), where a known transformation of the failure time is linearly related to the covariates, while the distribution of the residuals is left unspecified. Because of its quite direct physical interpretation, the AFT model is often preferred in applications, but less popularized due to lack of efficient and reliable inferential procedures. Jin et al. (2003) and Jin, Lin and Ying (2006) developed rank regression estimators that can be obtained through linear programming. Zeng and Lin (2007) used a kernel-based profile likelihood maximization to achieve an NPMLE for the AFT model with censored data. Liu, Lu and Zhang (2014) extended their algorithm to facilitate a semiparametric accelerated intensity model for correlated recurrent event survival data.
In this article, we present a joint estimation of the accelerated intensity models for the recurrent/terminal event data and assess their dependence through a shared frailty with gamma and log-normal distribution assumptions. We propose to estimate the model parameters by the NPMLEs and to establish their theoretical properties. In addition, we provide simple and efficient numerical algorithms to implement the proposed inference procedures. The remainder of the article is organized as follows. Section 2 describes joint accelerated intensity frailty models for recurrent/terminal event data, taking potential dependency into consideration via a latent variable. In the same section, an estimation procedure and the asymptotic properties of the resulting estimators are provided. Section 3 presents results from simulation studies conducted to evaluate the finite-sample properties of the proposed estimates. Section 4 illustrates the application of the proposed methodology to a sarcoma cancer study. Section 5 presents some concluding remarks.
Statistical Models and Likelihood Inference

Model and notation
Suppose there are n independent subjects. Let C i and D i be the censoring and death times of individual i = 1, . . . , n. and N D * i , respectively, which might increase after X i when δ i = 0. These two sets of processes are related through
is the at-risk indicator at t. For subject i, we may observe the recurrent events at distinct times, 0
represents the total number of recurrences. There may exist a p-vector of possibly time-dependent covariates z i (t). Then, the observed data of individual i include
. . , n} is all the observed data. For simplicity of presentation, we assume that the covariates are time-independent, but the following argument can be easily generalized to the analysis with time-dependent covariates.
To evaluate the effects of covariates z i , we specify the intensity function of the recurrent event process N R * i (t) and the hazard function of the terminal event process N D * i (t), respectively, as
where r 0 (·) and λ 0 (·) are the unspecified baseline intensity functions, respectively corresponding to the recurrent and terminal events, α and β are the regression parameters of primary interest, and
, C} are mutually independent. The occurrence of recurrent events is modeled by a subject-specific Poisson process via a latent variable, and conditioning on it, the rate function equals the intensity function. A multiplicative hazard function with the same latent variable but a different baseline function is assumed for the hazard of the failure event.
In model (2.1), dependence between the recurrent and terminal events is characterized by a latent variable ν i , whose interpretation is analogous to a random effect from a mixed model. Technically, ν ∼ f θ (ν) can follow any distribution with strictly positive support, where the parameter θ indexes the frailty distribution. In the semiparametric setting, some distributional constraint on f θ (ν), such as E(ν) = 1, may be required for model identification. A popular choice is a one-parameter Gamma distribution with mean 1 and variance θ:
In addition to assuming (2.2), we consider a log-normal distribution for f θ (ν). When θ ↓ 0, the frailty terms ν i 's are identically 1, so that the heterogeneity in both the recurrent and terminal event rates is explained solely by z i . The two sub-models in (2.1) are equivalent to a class of AFT models for counting processes (Lin, Wei and Ying (1998) , Zhang and Peng (2007) ). One major advantage of this approach is that it allows for a direct relationship between event times and covariates, and marginal interpretation within the framework of accelerated regression modeling is possible. To see this, model (2.1) implies
According to this formulation, the set of covariates z i affects both the frequency of recurrences and the risk of death over time by expanding or contracting the time scale on which the events occur by a multiplicative factor of e α ′ z i and e β ′ z i , respectively, relative to that of a zero-valued covariate vector. Clearly, a large value of the shared frailty ν i inflates both the intensity of the recurrent events and the hazard of the failure event. However, this does not alter the direct association between the event times and covariates, and holds even after the latent variable is integrated out.
Nonparametric maximum likelihood estimation
A likelihood can be constructed with a general approach for counting processes (Kalbfleisch and Prentice (2002, Chap. 6 .2)) from the intensity specification in model (2.1). The specification in (2.1) implicitly assumes that, conditioning on the subject-specific random effect ν i , two processes for recurrence and death are independent. Therefore, given ν i , the "complete-data" likelihood of the ith subject can be factored into the products of the conditional distribution of N R * i , the conditional distribution of N D * i , and the distribution of ν i . Integrating over ν i , the joint nonparametric likelihood for
Contrary to the shared gamma frailty models (Nielsen et al. (1992) ), the full loglikelihood (2.3) of the joint frailty model does not take a simple form because the integrals do not have a closed form. Also, without a parametric assumption on the baseline hazards on r 0 (·) and λ 0 (·), direct inference on the marginal likelihood is virtually impossible. For that situation, accomplishing a closed form expression for the complete data likelihood corresponding to (2.3) makes it feasible and attractive to use the EM algorithm that treats the ν i 's as missing values. The complete data log-likelihood, based on the observed data O i and a random effect ν i , consists of three components:
In the E-step, we calculate the conditional expectation of g(ν i ) for some function g(·), given the observed data and the estimate of ϑ in the previous step. By Bayes' rule, the conditional distribution of
0 (·)} is obtained in the sth iteration of the EM step, the (s + 1)th iteration, taking the expectation with respect to
(2.6)
When the frailty follows the gamma distribution, given in (2.2), we have
where
can be approximated by the Monte Carlo simulation of ν i or the Gaussianquadrature approximation when ν i follows a log-normal distribution.
M-step. In the M-step, we need to maximize the conditional expectation of the pseudo-complete data log-likelihood function given the observed data and the estimated quantities for the subject-specific frailty variable. Suppose the quantities (2.6) associated with unknown ν i 's are obtained in the sth iteration of the E-step. Then we maximize the expectation of the complete data log-likelihood in equation (2.4)
The maximization of (2.10) for θ is relatively easy with a standard optimization algorithm and we letθ (s+1) denote the maximizer of (2.10). However, maximums of (2.8) and (2.9) do not exist when considering nonparametric estimation of r 0 (·) and λ 0 (·) (Zeng and Lin (2007) ). To see this, under model (2.1) and the conditional independent censoring assumption, the intensity functions of the two counting processes,
, respectively, conditional on ν i and z i . This implies that the nonparametric maximum likelihood estimators of R 0 (t) and Λ 0 (t) arẽ
Here ∆R 0 (t; α) and ∆Λ 0 (t; β) represent the jump size of the step functioñ R 0 (t; α) andΛ 0 (t; β) at time t, respectively, for subject i. It follows from the martingale property that
The profile log-likelihoods corresponding to (2.8) and (2.9) can then be reduced to, ignoring constants independent of the parameters, to
However, maximums of these respective objective functions cannot be achieved with finite values of α and β, essentially because the estimators for R 0 (·) and Λ 0 (·) are very nonsmooth, involving only the ranks ofε i (α) andε i (β) through the indicator function I(·).
To handle such complexities, we seek smoothed versions of the baseline intensity functions in (2.11) using a symmetric kernel function K(·) with bandwidths a n and b n . Specifically, the estimated intensity function ∆R 0 (t; α) for
(2.14)
as a n → 0. Similarly, the intensity function ∆Λ 0 (t; 15) as b n → 0. The corresponding estimators of R 0 (t) and Λ 0 (t) are respectively given byR
Therefore, the smoothed profile likelihoods for α and β, corresponding to (2.12) and (2.13), can be represented by
In the (s+1)th iteration of the M-step, we propose to maximize the objective functions (2.16) and (2.17) over α and β, respectively, to obtainα (s+1) and β (s+1) . Because K(·) is a smooth kernel function, the maximum of each function can be achieved using the Newton-Raphson method or any optimization search algorithm. In the implementation, we set the initial values ofα (0) andβ (0) to the values of the estimators from the naïve Cox analyses that ignore correlations between recurrent and terminal events, andθ (0) = 1. Lettingν
0 (·) from (2.15) that are required to initiate the E-step. Then the process between the E-step and the M-step is iterated until it reaches convergence. In each step, it usually suffices to obtain one-step estimates. Our experience with simulation studies in practical settings reveals that the results do not seem to be sensitive to the choice of initial values and that the maximizers that optimize the smoothed profile likelihood functions (2.16) and (2.17) also increase the actual complete-data log-likelihood function (2.7).
Variance estimation
To estimate the variance of the parameters of interest, we use the EM-aided numerical differentiation method (Chen and Little (1999) ), which numerically computes the empirical information matrix of the observed profile likelihood. Similar inferential procedures were adapted by Zhang (2013, 2014) to facilitate clustered and recurrent event time data. To be specific, let l e i (ϑ|ν) denote the ith component of the expected complete-data log-likelihood l e (ϑ|ν) in (2.7). Here, we focus on variance estimation of the finite-dimensional parameter of interest. The variance ofα is evaluated as follows. By perturbing the jth componentα j ofα = (α 1 , . . . ,α p ) ′ by a small amount, ϵ, we obtain the pair of perturbed estimates, denoted byα j+ = (α 1 , . . . ,α j + ϵ, . . . ,α p ) and α j− = (α 1 , . . . ,α j − ϵ, . . . ,α p ) for j = 1, . . . , p. We perform the EM algorithm until convergence to obtain a new estimator,θ α,j+ , which consists of updated components of {β, θ, r 0 (·), λ 0 (·)} while fixing α atα j+ . We run another EM step to obtainθ α,j− while fixing α atα j− . Then we calculateS α,i = (S α,i1 , 
Finally, we approximate the variance-covariance matrix of (α,β,θ) byĨ −1 , the diagonal entities of which may provide desirable variance estimators for the NPMLEs.
Asymptotic results
In this section, we show that the proposed NPMLEs are consistent, asymptotically normal and semiparametrically efficient. The proofs are sketched in the Web Appendix. We need certain regularity conditions.
(C1) The parameter value (α 0 , β 0 , θ 0 ) belongs to the interior of a known compact set Θ in R d . The covariate matrix z ∈ R p is bounded and has full rank.
(C2) The true rate function of r 0 (t) and the true hazard function of λ 0 (t) are both positive, at least twice continuously differentiable, and have bounded variations over t ∈ [0, τ].
(C3) With probability one, there exists a κ 0 > 0 such that P (C ≥ τ |z) > κ 0 .
With probability one, E[N R * (τ )] < ∞ and E[N D * (τ )] < ∞.
(C4) The kernel function K(·) is thrice continuously differentiable and the rth derivative K (r) (·), r = 0, 1, 2, 3 has bounded variation in (−∞, ∞).
(C5) The information matrix I 0 is finite and positive definite. 
Simulation Studies
We conducted a set of simulation studies to examine the performance of the proposed methods in practical settings. We generated recurrent and terminal event times from the frailty models
which involve two covariates, z i = (z 1i , z 2i ) ′ , where z 1i is a uniform (−1, 1) variable and z 2i is a Bernoulli variable with 0.5 success probability. The frailty variable ν i follows a gamma distribution or a log-normal distribution. Specifically, we considered (a) ν i ∼ Gamma(1/θ, 1/θ) and (b) log ν i ∼ N (0, σ 2 ). We let α = (0.5, 0.5) ′ , β = (0.6, 1) ′ , θ = 1 and σ 2 = 0.8. For the given frailty variable, we considered two scenarios where baseline intensity functions for recurrent and terminal event processes follow (i) an exponential ("Exp") distribution with R 0 (x) = Λ 0 (x) = x, and (ii) a standard log-logistic ("SL") distribution with R 0 (x) = Λ 0 (x) = log(1 + x). Of note, the marginal model given the frailty in (i) is equivalent to
where the respective error terms (η ik , ε i ) have an extreme-value distribution and the model falls in the class of frailty proportional hazard models. We varied the values of ξ 1 and ξ 2 to retain a 35% censoring rate for the terminal event and to allow for about three recurrent events on average under the noninformative censoring scheme from the uniform (0.5) distribution.
In Table 1 , we summarize the results of the proposed NPMLEs, obtained from 1,000 simulation runs with the sample sizes n = 100 and 200. Overall, the proposed method performs well in all cases. The estimators for the regression parameters are virtually unbiased, the standard error estimators accurately reflect the true variations and the confidence intervals have reasonable coverage probabilities. The standard errors for the frailty parameter are underestimated, resulting in lower coverage probabilities, but show improved accuracy as the sample size increases. We chose the kernel function K(·) to be the standard normal density for convenience and tractability. For bandwidth, we used the optimal bandwidth (Jones (1990) ), given by (4/n)
1/3σ
R and (4/n) 1/3σ D for models involving recurrent and terminal events, respectively, whereσ R andσ D represent the sample standard deviation of {log T ik + α (0) ′ z i } and {log X i + β (0) ′ z i }. Another choice of bandwidth was considered and our limited experience reveals that the proposed method is not very sensitive to bandwidth selection and generally works well in all scenarios for the gamma and log-normal frailties.
We performed a sensitivity analysis to examine the effect of misspecification of the frailty distribution. With the specification R 0 (x) = x 2 and Λ 0 (x) = x 3 , the simulated data involved one covariate z from the Bernoulli (0.5) distribution. The frailty variable followed (a) gamma and (b) log-normal distributions that have both mean 1 and variance θ = 0.8 or 1.5 to reflect small and moderate variations in the frailty distribution. The variance of the log-normal frailty variable is θ = e σ 2 − 1. We then applied the gamma-frailty model and the log-normal frailty model, respectively, as a working model to the simulated datasets. Table 2 presents the simulation results from 500 replications with n = 100. We observe that the variance estimates are seriously biased when the model is not correctly specified. When the true frailty distribution is gamma, the log-normal working Note: Est and SE are the estimate and standard error of the parameter estimator, SEE is the mean of the standard error estimator, and CP is the coverage probability of the 95% confidence interval. "Exp" and "SL" represent exponential and standard log-logistic distributions, respectively, for the baseline hazard function.
model overestimates the frailty variance. Such biasedness seems amplified to an extent as θ increases. When the frailty is obtained from the log-normal distribution but the gamma model is applied, the frailty variance is underestimated. Nonetheless, the estimators of the regression parameters seem unbiased in nearly all cases and the proposed variance estimation gives proper coverage probabilities. In the supplementary material, we also display true and estimated frailty distributions that are fairly similar under model misspecification. This may indicate that the performance of the NPMLEs is robust to the choice of frailty distribution if the primary focus is assessing the covariate effects and such an approximation will not lessen the value of our method.
In a similar set-up as above, we conducted simulation studies to compare 
Here the random effect appears only in the recurrent event model that is equivalent to that of Liu, Lu and Zhang (2014) , and recurrent and terminal event processes are independent. We considered two scenarios (I) and (II), where the data sets were simulated according to models (2.1) and (3.2), respectively, and these models were used as a working model. The joint and reduced models were correct under scenario (I) and (II), respectively. Gamma frailty distribution was assumed in all cases. This study aimed to check the effect of model misspecification and parameter efficiency. We let α = β = 1 and assumed a gamma frailty distribution with θ ∈ {0.5, 1}. As seen in Table 3 , the frailty parameter estimators appear to be biased to an extent under model misspecification, while the regression parameter estimators are relatively consistent. We also give the "relative efficiency (RE)", the mean square error of the reduced model divided by that of the joint model. The joint model gains more efficiency under case (I) but not under case (II), as expected. Efficiency loss becomes large when θ increases. The degree of sensitivity is more severe when the joint model is applied to the data from the reduced model, as a single frailty variable in the joint model accounts for the association among recurrent event processes as well as that between recurrent and terminal event processes. The joint modeling approach seems ineffective in the independent cases, and may require separate frailty formulations for different types of association.
Application to a Soft Tissue Sarcoma Study
We applied our method to the data set from a soft tissue sarcoma study (Cormier et al. (2004), Huang, Cormier and Pisters (2006) ), in which patients may experience local recurrence of sarcoma (in the same or nearby part of the body where the primary cancer occurred), distant recurrence (in a different part of the body), and death. A cohort of 679 patients was identified from two major cancer centers. In their initial treatments, all patients received definitive surgical resection of the tumor. The objective of this analysis was to evaluate the impact of chemotherapy and radiation while accounting for known prognostic variables. Among the 679 patients, 228 received adjuvant radiation alone, 109 received adjuvant chemotherapy alone, 207 received both, and 135 received none of these treatments. Of the 316 patients treated with adjuvant chemotherapy, 148 (46.8%) died from sarcomas; and of the 363 patients not treated with adjuvant chemotherapy, 140 (38.6%) died from sarcomas. The maximum number of tumor recurrences in one patient was three. The total number of tumor recurrences was 537, and 350 patients had at least one local or distant sarcoma recurrence. The median follow-up time was 6.87 years. In the treatment of sarcomas, chemotherapy is used to destroy cancer cells and prevent distant recurrences, while radiation is used to shrink the tumor and prevent local recurrences. Although this effect of radiation is well accepted, the effect of adjuvant chemotherapy remains uncertain. It has been explored in several studies that have compared outcomes for patients who have received adjuvant chemotherapy with those of patients who have not received adjuvant chemotherapy. We are interested in evaluating the effects of adjuvant chemotherapy and radiation on cancer recurrence and survival using the proposed method for the joint semiparametric accelerated intensity model (2.1). In each submodel, we included three covariates: the indicators of receiving chemotherapy and radiation and the maximum tumor size at baseline, which ranges from 5 to 41 cm. Table 4 summarizes the estimation results under the proposed model with gamma and log-normal frailty distributions. In both models, radiation is significant in reducing the risks of death and shows a moderate effect in decreasing sarcoma recurrence. The regression parameter estimators associated with chemotherapy showed opposite signs, depending on the choice of frailty distribution, but there is no treatment difference with chemotherapy for either disease recurrence or death. Not surprisingly, the patients who had a large tumor size tended to experience disease recurrence more frequently and to die earlier. The estimated variance being significantly greater than zero indicates that after adjusting for treatments and clinical factors, there appears to be a strong association between cancer recurrence and death due to unknown factors. Figure 1 displays estimated cumulative rate functions of sarcoma recurrences for (a) patients who received radiation and (b) patients who did not receive radiation, along with nonparametric curves that are estimated by
for each group. The proposed estimates reasonably follow the nonparametric estimates, supporting the choice of the method. 
Discussion
In this paper, we propose a joint accelerated intensity model for correlated recurrent and terminal event data. The approach directly deals with the association between recurrent events and terminal events while allowing each event time to have an arbitrary residual error distribution. A latent frailty variable, gamma or log-normally distributed, is assumed to explain the dependency. For the estimation, we developed the EM algorithm that extends the method by Liu, Lu and Zhang (2014) for univariate recurrent event data, in which the regression parameters of interest are estimated by maximizing the kernel-smoothed profile likelihood functions. One advantage of the proposed model is that it preserves a direct relationship between the event time and covariates for both recurrent/terminal events even after the frailty variable is integrated out, and thus regression parameters still have a marginal interpretation as in univariate AFT models. In many public health and biomedical studies, this approach may be preferred for analysis, especially in identifying treatment effects and risk factors. Moreover, compared to the marginal approach (Lin, Wei and Ying (1998) ), the joint frailty approach offers the additional ability to quantify the dependence between different types of event processes and the efficiency gain via likelihoodbased estimation.
Simulation studies demonstrated that the proposed method works well and the regression estimators do not seem to be very sensitive to the choice of the frailty distribution. As shown in Table 3 , however, the joint model performs unsatisfactorily when the recurrent event processes are correlated within subject but not with the terminal event process. In the situation, we can consider the modification
which is the analogue of the frailty model of Liu, Wolfe and Huang (2004) . An additional parameter γ ∈ R controls the degree of dependence between two event processes and alleviates potential misspecification issues, including the reduced model (3.2) with γ = 0. The proposed EM algorithm can be modified to accommodate such extra parametrization. We applied our joint analysis approach to data from a sarcoma cancer study in which patients may experience local and distant tumor recurrences. Although we do not distinguish local versus distant recurrences, they may indicate different levels of risk and associations with death. If this is the case, it is desirable to incorporate a series of frailty variables into the model to adjust the individual recurrence intensities and account for the dependence among different types of recurrent events and that between the recurrent events and the terminal event. Recently, Ning et al. (2015) proposed a time-dependent measure to assess the local dependence between two types of recurrent event processes. They modeled the rate ratio as a parametric function of time, leaving unspecified all other aspects of the distribution, and applied their methods to the same sarcoma data. This may provide additional insight and facilitate a better understanding of the interactive associations between different types of cancer recurrences.
